This paper deals with the development and validation of a Finite Element numerical model of a grand piano soundboard. The most important details of the manufacturing process are reproduced in this model. In particular, by modelling the gluing of the ribs and the bridges to the board, the curved geometry (the crown) and the residual stresses induced in the soundboard are taken into account.
Introduction
In a piano the soundboard has the role of converting string vibration into sound. Strings and soundboard are connected through bridges and the soundboard itself is stiffened by a set of ribs running perpendicular to the main direction of the wood grain. A grand piano soundboard is a complex structure, whose elaborate manufacturing process introduces subtle changes in its shape and stress state. From the origin of the scientific studies on pianos [1] it was found that even the most slight modification of the soundboard geometry can have a perceptible effect on the tone quality. Specifically it is believed that all the following soundboard characteristics need to be considered and opportunely designed: the board variable thickness ("diaphragmed" soundboard), the ribs section and spacing, the material properties, the residual curvature after ribs gluing ("crown"), the static deflection due to the vertical component string loads ("downbearing") with the consequent residual stresses, the bridge position, and the way the soundboard is glued onto the rim. At the purpose of correlating these characteristics with the final tone quality, piano manufacturers are looking for reliable methodologies capable of predicting the acoustic behaviour of their instruments under design modifications, thus limiting the need for building prototypes.
The literature on piano acoustics is vast and covers aspects from hammer-string contact to sound radiation. We will focus our attention on those studies specifically devoted to soundboard testing and modelling or those that include the soundboard as an important aspect of the research. Several examples exist in the literature dealing with vibration testing performed at the purpose of validating and updating numerical models or simply aimed at characterising the vibrational and acoustic behaviour of the structure.
Early measurements of point impedance measured at the bridge of an upright piano were first presented by Wogram in [2] and later reported also in [3] . The effect of gradually increasing string tension was analysed and shown to shift only the first few resonances by roughly 50 Hz. The reliability of these measurements above 1 kHz was later questioned and seems to be a consequence of the shaker set-up and not due to a high frequency behaviour of the soundboard [4] . Wogram also performed modal analysis on a grand piano soundboard and showed the mode shapes of the first eight modes. The natural frequency of the lowest mode was measured at 62 Hz while that of the eighth mode was 325 Hz. Nakamura [5] investigated the mode shapes of an upright piano and showed mechanical impedance at various locations on the bridge. He found that clamped boundary conditions give a good representation of the actual behaviour of the soundboard. Also in this case impedance appear to be reliable only below 1 kHz; above this frequency results were affected by the resonances of the shaker and of the sensor. Suzuki [6] presented a modal analysis of a grand piano soundboard below 200 Hz and acoustic and vibration measurements up to 5.4 kHz to estimate the soundboard radiated power and radiation resistance. Measurements were performed on a soundboard with rim but without strings and cast-iron frame. In this condition Suzuki found that the acoustic power radiated while exciting the soundboard at single points is strongly affected by vibration modes up to 500 Hz.
Kindel and Wang [7] described one of the first Finite Element (fe) models of piano soundboard: by using a small number of shell and beam elements the first few modes of the soundboard were obtained. The piano structure was modelled via beam elements and the vibration modes up to 130 Hz were compared with experiments. Kindel and Wang also discussed the importance of modelling the rim of the piano to obtain the correct series of modes at low frequencies. Conklin [8] presented various examples of modal testing and mechanical impedance measurements. Different aspects of soundboard design were touched in that review paper; of particular interest are the description of the role of the bridge, which reduces the point mobility at the strings connection points (if compared to the bridgeless board), the effects of string tension and the presence of ribs making the soundboard behave as a periodic structure with periodic attenuations.
In the 1990s Giordano et al. developed a complete model of the piano [4, [9] [10] [11] [12] : the main idea was that of using the Newton's law to describe the energy flow in the piano in the time domain. The soundboard's behaviour was modelled by solving, via finite differences, the equation of motion of a thin orthotropic plate. More recently another complete computational model of the piano was presented by Chabassier et al. [13] . In this case the soundboard was modelled as a Reissner-Mindlin plate with space variable mechanical properties, so that variable thickness and variable ribs spacing could be accounted for.
Berthaut et al. [14] described an experimental modal analysis campaign performed on a grand piano soundboard in free-edge boundary condition along with a corresponding fe model. Numerical results were compared with experiments and a good correspondence was found up to nearly 250 Hz. Moore and Zietlow [15] developed a method of electronic speckle pattern interferometry in order to measure the soundboard deflection shapes. The comparison presented between their measurements and a simplified fe model of the structure showed that the vertical force exerted by the strings on the soundboard has a non-negligible effect on the natural frequencies of the lowest modes, while it can be neglected when working in the mid/high frequency range. Mamou-Mani et al. [16] presented a fe model of the soundboard to study the effect of the crown and downbearing. It was observed that nonlinear solution is required when the effect of these two parameters have to be taken into account. Results were presented in the frequency range corresponding to individual mode resonances, i. e. up to 450 Hz. These outcomes were later experimentally confirmed [17] . In a recent study Chaigne et al. [18] focused on the influence of the ribs spacing and showed that above 1 kHz there is a localisation effect which is very sensitive to small changes in the spacing itself.
Two papers ( [19, 20] ) were published by Ege and Boutillon on the vibroacoustics of piano soundboards in 2013. In [19] the soundboard was excited with a loudspeaker and the non-linear response of the soundboard was estimated to be 30 dB to 50 dB below the linear one. The measurement was performed for vibration levels of the soundboard corresponding to a musical ff (fortissimo). This result confirms that linear vibration models are sufficient to represent the most important vibroacoustic features of piano soundboards. In the same paper the authors applied a novel modal analysis technique [21] and estimated natural frequencies and damping ratios up to 3 kHz and mode shapes up to 500 Hz. By studying modal density the authors found that below 1.1 kHz the soundboard behaves similarly to a homogeneous plate while above 1.1 kHz the modal density tends to be that of the strips defined by the ribs. A finite element model confirmed that in this frequency range modes are localised between ribs. In Ref. [20] the same authors introduced a simplified model of the soundboard. The main structure was modelled as four sub-plates at frequencies below 1 kHz while it was divided in orthotropic strips at higher frequencies. Formulae derived from these models were used to calculate modal densities, point mobilities and dispersion curves. Good agreement was found between the average point mobilities calculated with this approach and measurements from literature. This paper illustrates the main results of a research project aimed at developing a vibroacoustic numerical model of the soundboard, to be used as a support for instrument design. This paper builds upon some of the results already published in [22] and [23] , but it includes significant extensions and advances: an additional measurement and modelling stage, a more detailed description of the procedure adopted to setup the fe model of the soundboard, and new results relevant to point mobility at the bridge.
Attention is focused on the experimental modal analysis carried out on the soundboard of a Fazioli F278 grand piano ( Fig. 1) and on the fe model that has been developed in parallel. The main idea behind the authors' research is that accurate fe modelling is important for developing a predictive vibroacoustic simulation tool. Moreover a detailed structural model, that includes also the manufacturing process, is valuable if it has to be used as an effective design aid. A step-by-step procedure has been adopted to validate the fe model. Modal analysis tests are performed at four significant stages of the soundboard manufacturing process: free soundboard before bridge gluing, free soundboard after bridge gluing, soundboard glued on the rim (before stringing and tuning), and the finished instrument, complete with iron frame and tuned strings. For reasons of space, in the present paper results for the first three steps only will be presented.
The step-by-step approach has been adopted for two main reasons. The first is that it allows investigating on how the single phases of the piano manufacturing process influence the vibration properties of the soundboard. The second and most important reason is related to the objective of simplifying the development of the soundboard fe model: by performing a stepby-step validation, the model is expected to reach better reliability and accuracy. To this end, the development of the fe model proceeds in parallel to the experimental tests, by reproducing the soundboard configuration at the same four manufacturing stages. The fe model takes into account the tapering as well as the curvature of the board. Peculiar to the presented approach is that the soundboard curvature is not assumed a priori but it is obtained by explicitly simulating the manufacturing process. As a side effect, the presence of the induced self-stresses is also considered.
Some details on the manufacturing process are given in Sect. 2, while experimental testing is described in Sect. 3. The fe model and the parameter updating algorithm are illustrated in Sect. 4 and 5. Finally, experimental and numerical results are compared in Sect. 6.
Manufacturing stages
Four main phases of the soundboard manufacturing process are singled out to be simulated by fe analysis and experimentally investigated. At the end of each manufacturing phase the soundboard is at a "production stage" numbered from stage 1 to stage 4. The very first production step defines a stage 0, corresponding to the starting configuration of the analysis.
Preliminary preparation, stage 0.
The construction of the F278 soundboard starts by edge gluing quarter-sawn small planks of Norway spruce (picea abies); the resulting panel is then shaped, planed, seasoned, and finally tooled by a Computer Numerically Controlled (cnc) milling machine to achieve a carefully controlled variable thickness. This process is called "diaphragming" in the piano industry, a term which refers to the thinning of the soundboard near the edges. The use of quarter-sawn planks guarantees that the wood anatomical directions are almost constant across the panel: longitudinal and radial (L, R) in the plane of the soundboard, tangential (T) normal to the surface. In Fig. 1 the L direction can be recognised from the wood grain. In the finished piano the soundboard is subjected to a considerable load due to the tension and the angle of the strings across the bridges. This load is normal to the soundboard surface and its value is typically 0.5 to 3 % of each string tension [8] ; for the piano under study it has a resultant of about 3 kN. To withstand this load and to avoid an excessive deformation, the soundboard has to be stiffened by a system of ribs on the surface opposite to the bridges. Spruce has a very low stiffness in the cross grain direction (see Tab. 2): therefore the ribs have to run perpendicular to the spruce grain. The ribs themselves are made of spruce, with grain parallel to their axis.
In order to better control the deflection of the soundboard under the load of the tensioned strings, the ribs are assembled to the panel by means of a peculiar procedure that causes an initial reverse deflection, called "crown" in the piano industry. There are several methods for obtaining the desired crown, the most simple one consisting in using curved ribs, i. e. "rib crowning". For the soundboard under investigation a different procedure is adopted, based on initially straight ribs. The ribs are glued to the panel in a special press with a curved die. When pressure is applied, the adhesive is still liquid and both ribs and panel are free to assume the shape of the die; as it is clear from Fig. 2 this is accompanied by a relative sliding between panel and ribs. After adhesive curing any further slip is prevented; therefore, when pressure is removed elastic springback occurs but ribs and panel cannot return to the initial straight and flat configuration. As a consequence, the soundboard shows a residual curvature and a residual self-stress field. Owing to the low bending stiffness of the panel in the cross grain direction, its internal stresses are mainly compressive, while bending dominates in the ribs. For this reason the method is called compression crowning.
(Other crowning methods introduce mainly bending in the panel, see [24] .)
The initial geometry of panel, ribs and die is known but the final "crowned" shape and the self-stress field are unknown. Both these two features can affect the vibroacoustic properties of the soundboard, and hence the tonal quality of the finished piano. While the final shape can be measured, internal stresses are hard to assess experimentally. In this paper a method is proposed to estimate these by a fe simulation of the gluing process.
2.3. Gluing of the bridges and planing down of the ribs, stage 2.
The bridges are glued to the opposite side of the panel, with a process that closely resembles the ribs assembly, but the curvature of the die is chosen to be not so different from the curvature of the soundboard at stage 1. Therefore one has to expect only a slight modification of both the curvature and self stress state. Finally the ribs are planed down at the ends, to obtain their final shape: during this process self-stresses are partially released, but the curvature of the soundboard increases, owing to the reduced stiffness of the ribs. Fig. 1 shows the soundboard at stage 2.
Again, while the soundboard shape at stage 2 can be measured, the self-stress state is unknown: therefore both bridge gluing and ribs planing have been included into the fe simulation.
Final assembly, stage 3 and stage 4.
From the manufacturing point of view, at stage 2 the construction of the soundboard itself is concluded and the remaining steps involve assembly into the complete piano. However during assembly new constraints are imposed and loads are applied to the soundboard, that may cause the vibrational properties to change. For the purpose of the present investigation two further stages are defined.
At stage 3 the soundboard is assembled in the piano case by gluing its edge on the internal rim. The internal rim itself is fitted to the curved shape of the soundboard, in order to prevent additional stresses due to the new constraints. The case is much stiffer than the soundboard and in first approximation can be assumed rigid.
2 stage 4 corresponds to the finished piano. The strings exert a downward force which causes a deflection of the soundboard called "downbearing" and the crown is consequently reduced. This phenomenon changes the vibration properties of the soundboard (see [16] ).
Experimental results

Test procedure
The experimental tests presented in this paper were carried out on the same piano soundboard at manufacturing stages 1 to 3. In particular, at the Fazioli factory in Sacile (Italy), the soundboard at stage 1 (before bridge gluing), see Fig. 3 (a) and stage 2 (after bridge gluing) was tested by suspending it on a steel cable so as to reproduce a free-edge boundary condition.
The length of the cable was chosen so as to set the system first natural frequency below 2 Hz. This choice allowed the soundboard rigid motion and its flexible vibration modes to be fully decoupled. The soundboard was instrumented with 10 piezoelectric uniaxial accelerometers (sensitivity 10 mV s , bandwidth 10 kHz, mass 2 g). The tests were performed using two different impact hammers: first a large impact hammer (160 g mass) with a soft tip allowed investigating the low/mid frequency range (up to 1 kHz), then the impact tests were repeated using a small hammer (5 g mass) with an harder tip, to excite higher frequencies. By means of the latter device it was possible to introduce enough energy into the system so as to measure the soundboard Frequency Response Function (frf) up to approximately 5 kHz. The tests were repeated for two excitation points and six different accelerometer positioning, so as to cover a regular measurement grid with 60 nodes in total, equally spaced on a 200 mm × 200 mm square mesh. 3 Analogous tests were performed for stage 3 (see Fig. 3 (b)), at the Department of Mechanical Engineering of Politecnico di Milano. Due to the higher weight of the structure under test, the piano case was resting on three supports located under the rim, so as to weakly affect the soundboard vibration behaviour. During stage 3, in addition to the accelerometers positioned on the 200 mm × 200 mm measurement grid, an interferometric laser velocimeter (Polytec PSV-400, with adjustable sensitivity and measurement range) was used to scan a 100 mm × 100 mm grid.
The H 1 estimator ( [25] ) was adopted to derive the soundboard frf's from the collected experimental data:
where G kk is the autospectral density function of the input force q k , G jk the cross-spectral density function between the input force q k and the output vibration x j , and H jk the H 1 estimate of the frf between q k and x j . The coherence function γ 2 jk between q k and x j was calculated too, which provides a measure for the quality of the frf data:
The calculation of G j j , G kk , and G jk was carried out according to the procedure indicated by Bendat and Piersol [26] , which consists in computing the Fast Fourier Transform (fft) for each block of sampled data (corresponding to one single impact test), then the corresponding raw autospectral/cross-spectral density functions for each j-k node pair, and in finally averaging over the data blocks corresponding to the ten impact test repetitions, for fixed j and k. Attention is first focused on a frequency range limited to 1 kHz to show detailed results on natural modes identification (Section 3.2), while examples of bridge point mobilities up to Two examples of mobility frf's and associated coherence functions are reported in Figs. 4(a) and 4(b), which refer to the measurements carried out at stage 1 and stage 3, for the same pair of excitation and measurement points (both located close to the bridge, in correspondence with the positions where the bridge itself is crossed by the A 4 and D 3 strings respectively). In this case, the soundboard was excited by the small hammer and the output vibration was measured by means of a piezoaccelerometer. However, during the tests, it was checked that the frf's obtained by different combinations of the excitation and measurement equipment were in very good agreement, so as to be confident with the reliability and accuracy of the measurement process.
Modal analysis
The identification procedure used for the estimation of modal parameters from experimental frf's consists in a two-step approach.
First, the Least Squares Complex Exponential (lsce) algorithm [27] [28] [29] is applied to estimate the system poles and the corresponding natural frequencies ω n and damping ratios ξ n . This is a time-domain algorithm which requires as input the Impulse Response Functions (irf's) for all the considered j-k pairs. The irf's are obtained by computing the inverse fft of the frf data. Typically the lsce estimator is applied assuming different model order: therefore a stabilisation chart is obtained [27, 29] , which allows selecting the system physical poles considering their stability for increasing model order.
The second step consists in the classical frf-based curvefitting method [25] : according to the idea of modal superposition, the measured frf's are fitted with an analytical model consisting of a series of second order systems. Least squares minimisation operates in a user-defined frequency band which includes a certain number of vibration modes: a limited variation of their natural frequencies and damping ratios with respect to the previous lsce estimates is allowed. To reach suitable curve-fit, high and low frequency residuals are added to the resonant modes [25] , so as to account for the contribution of the modes not included in the selected frequency band. The adopted frequency-domain algorithm allows simultaneous processing of the whole frf experimental data set. The final output are the modal parameters (i. e. natural frequencies, damping ratios and mode shapes) of the vibration modes included in the frequency band of interest. The reliability of the overall identification process can be finally verified by visually checking the accuracy of the frf fitting: looking at Figs. 4(a) and 4(b), it can be concluded that the identified frf's reproduce the experimental ones in a fully satisfactory way.
By following this procedure the following sets of vibration modes were identified: 52 modes up to 450 Hz for the soundboard at stage 1, 39 modes up to 386 Hz for soundboard at stage 2, 34 modes up to 348 Hz for soundboard at stage 3. The identified damping ratios ξ n vary from 0.4 % to 1.0 % for the first two stages, from 0.8 % to 2.8 % for the third stage. Natural frequencies and damping ratios of the first 20 identified vibration modes are reported in Tab. 1, for stages 1 to 3. The three construction stages correspond to three different structures, in terms of configuration and especially boundary conditions and damping. This results in three different values of the transition frequency between the low-frequency range, which is characterised by individual modal resonances, and the mid/high-frequency range, which shows coupled multi-mode response. Identification algorithms for modal parameters estimation can be efficiently applied only in the low-frequency range, were the overlap factor [21] is limited, i. e. modes are clearly spaced and the system shows limited damping. In Figs. 4(a) and 4(b) the identified frf's, for stage 1 and stage 3 are plotted only up to the transition frequency mentioned above.
Point mobilities at the bridge
To show how the coupling between the strings and the soundboard varies during the manufacturing process, it is useful to analyse the bridge point mobilities at stage 1, stage 2 and stage 3. The selected measurement point is located at the position where the strings of note G3 are connected to the bridge. At stage 1, when the bridge is not yet glued, this corresponds to a position between two ribs. Fig. 5(a) shows the magnitude diagram of the point mobility at stage 1. The mean value is constant up to 700 Hz and increases with a slope of about 15 dB per octave thereafter. Around 1.5 kHz the curve has a plateau and then drops slightly. As a mean of comparison two lines representing the mobilities of infinite structures are also added to the figure. This is done by following the mean value theory proposed by Skudrzyk [30] and recently applied in the field of musical acoustics by many authors [31] [32] [33] [34] [35] [36] . The first one represents the mobility of an infinite homogeneous plate, equivalent to the board-ribs structure. This line is obtained assuming that the overall bending stiffness of the ribs along their length is equivalent to that of the board in the grain direction. This would make the board-ribs structure an homogeneous isotropic plate with the Young modulus of spruce and a mass per unit area obtained including the mass of the board and of the ribs. Under these assumptions the point mobility of the equivalent plate is calculated as:
where h eq is the equivalent thickness that corresponds to the overall mass, and is equal to 12.8 mm in this case, E is the Young modulus, set to 14 GPa, ρ is the wood density (450 kg/m 3 ) and ν the Poisson ratio (equal to 0.36). The average value of the measured point mobility is well represented by this equivalent homogeneous plate up to 300 Hz.
Additionally, the mobility of an infinite plate having the structural properties of the board alone (without ribs) is also shown (dashed line in Fig. 5(a) ). The calculation is as in Eq. 3, setting the thickness to 8 mm. In this case the orthotropy is strong and an equivalent Young modulus is obtained from the geometric mean of the two directions (14.6 GPa and 0.69 GPa). The so computed mobility can be considered a rough estimate of the actual soundboard mobility, under the assumption that at high frequency (above ≈1 kHz) the soundboard itself behaves like the strip contained between two adjacent ribs. A more detailed methodology for wide-band mobility analysis can be found in Boutillon [36] . Fig. 5(b) shows the point mobility on the bridge for stage 2 and stage 3. The stiffening effect due to the changes in boundary conditions (from free to clamped edge) is clear only be-
In this case also, the mobility of an equivalent infinite structure is calculated for comparison. This is done by adding the impedances (reciprocal of mobility) of the infinite beam equivalent to the bridge and of the equivalent plate presented above [30] :
where ω is the circular frequency and I is the moment of inertia of a rectangular section of area A. A and I are obtained from the bridge geometry at this position, which is 32 mm wide and 37 mm thick. The other parameters are the same as in Eq. 3. The mean value of the measured mobility at stage 2 and stage 3 is in good agreement with the one predicted with this simplified approach up to 2 kHz to 3 kHz.
Finite Element model
As outlined in Sect. 2, the construction of a soundboard is quite complex: the geometry and the self-stress state attained at each stage are the outcome of the preceding manufacturing procedure. Since geometry and self-stress state are not known a priori, at each manufacturing stage a "standalone" fe model cannot be used to predict the actual natural frequencies, but has to be tuned against experimental data [14] . To overcome this difficulty in the present paper a different fe modelling strategy is pursued: instead of creating a sequence of "stage" models, each with its own tuning problems, a direct simulation of the whole manufacturing process is adopted. By doing so the "model state" and its modal properties at each stage can be included in the model.
Model tuning is performed just once at stage 1 against measured natural frequencies and modes, thus updating a subset of the material elastic constants of Tab. 2. At subsequent stages (stage 2 and following) no further tuning is performed. Natural frequencies extraction, tuning, and material properties updating are described in Section 5. The manufacturing process has been modelled through of a fully nonlinear fe model, i. e. taking into account finite strain, arbitrary displacement and stress-stiffening effects. During the whole manufacturing process dynamic effects are negligible, so that a quasi-static calculation is appropriate. Material behaviour can be considered linear (see Eq. (A.1) and Tab. 2) due to the small loads involved. Creep effects have been neglected.
All fe analyses were carried out using the Abaqus/Standard software v. 6.10. This is a general-purpose nonlinear fe code that is organised around the concept of an "analysis problem history" defined in terms of "steps". Each step is associated with an "analysis procedure" that defines the type of analysis to be performed, [37] . This approach maps nicely to the present problem in which the "manufacturing history" of the soundboard has to be simulated. Since the problem is quasi-static, the Abaqus "static stress analysis" (keyword *STATIC) procedure has been used throughout the analysis. In order to account for the geometric nonlinearities linked to a large-displacement formulation, the *STEP, NLGEOM=YES keyword was specified.
In order to define analysis steps corresponding to the manufacturing process, a careful analysis of both the physical process and the fe numerical convergence issues has to be performed. (In a nonlinear fe simulation "large steps" in which many different processes and transformation occur tend to have grater convergence problems than "small steps" in which the state change is limited.) For the study presented in the present paper, a rather fine grained approach was adopted: the manufacturing is split into many smaller steps, in order to have a better control on the numerical convergence, at the cost of a more complex model setup. Within this approach, a manufacturing stage is simply the state of the fe model at the end of a given key analysis step.
fe model at stage 0
The soundboard at stage 0 is the starting point of the present analysis, i. e. the reference (initial) state of the fe model.
At stage 0 the soundboard is modelled as a stress-free, variable thickness, flat solid plate made of an homogeneous material. In reality the soundboard is obtained by gluing together smaller wooden planks, but the inhomogeneities intrinsic to wood and those due to the not perfect alignment of the anatomical directions between different planks are not relevant at the macroscopic scale. Moreover the adhesive has a negligible thickness with respect to the planks in-plane dimensions but still it guarantees a very strong bonding, so that no stress/strain discontinuities have to be expected along the adhesion planes. Finally no internal stresses are present after the first fabrication steps that lead to
Wood is a complex natural material, but to the purposes of the present analysis it can be modelled as an homogeneous orthotropic elastic material, with the anatomical directions (L, R, T) aligned to the elasticity principal axes (1, 2, 3) [38] . According to equation (A.1), an orthotropic material is characterised by the nine elastic parameters E 1 , E 2 , E 3 , ν 12 , ν 13 , ν 23 , G 12 , G 13 , and G 23 ; moreover the mass density ρ has to be considered for modal analysis. It is easy to understand that determining these nine moduli plus mass density is a hard task, since they can be defined only in a statistical sense: wood from different logs has different properties, owing to the varying micro and macro climatic conditions that affect tree growth. Even specimens from the same log, but taken from different annual rings exhibit different material properties. Finally the same specimen changes its properties according to moisture content, seasoning, rate of loading.
Instead of trying a direct measurement of these ten material properties, an initial educated guess was made about their value, based on the data available from the literature (mainly from [38, 39] ); the chosen values are listed in Tab. 2, under the column "initial". As it will be made clear in the sequel (Sect. 5) these initial values were updated by comparing the predicted natural frequencies to the measured ones, so that their precise initial estimate is not critical.
For an appropriate choice of the soundboard finite element types, one has to consider that the gluing process between the lower/upper face of the soundboard with the ribs/bridges has to be simulated. Moreover, due to diaphragming, the thickness is not constant across the board. For these reasons a solid model is convenient, but still, due to the small thickness, a thin shell model is adequate. This is why Abaqus "Continuum Shell" elements SC8R [37] were chosen for modelling the soundboard. About 6000 elements where used, with an average in-plane edge ≈ 20 mm. The element size was chosen in order to have at least five elements along the wavelength at 4 kHz of an infinite isotropic plate 8 mm thick, with a Young modulus E = √ E 1 E 2 , where E 1 and E 2 are the orthotropic Young moduli of Norway spruce, Tab. 2. Indeed at high frequency vibration modes are localised between two ribs [18, 19] , and the mesh size has to be fine enough to represent these mode shapes.
The board thickness was obtained directly from the same cad models used for generating the working profiles of the diaphragming cnc milling machine.
fe model at stage 1 and stage 2 stage 1 and stage 2 essentially involve two types of procedures:
• ribs and bridge gluing and
• ribs planing down.
Ribs and bridge gluing
The main idea is to handle the gluing process by simulating a contact problem without an explicit model of the adhesive layer. When the adhesive is still liquid one has frictionless unilateral "hard" contact between the surfaces to be glued; this means that no penetration (overclosure) is allowed, relative sliding (slip) of arbitrary entity is permitted as well as surface separation (contact opening). After adhesive curing the contact conditions are changed to "tie", i. e. no separation and no sliding is permitted. The rationale for this model is that the adhesive layer is very thin and therefore the contribution to stiffness and mass of the adhesive itself can be neglected. On the other hand the bond is very strong, and in normal working conditions one does not expect any adhesive failure. Ribs gluing is performed in a curved die, see Fig. 2 , which has been modelled as a rigid surface; the ribs themselves have been modelled with hexahedral, reduced integration, linear fe's (Abaqus C3D8R). On average the ribs where meshed with 3 × 3 elements on the cross section, with an edge of about 7 to 10 mm. The material has been modelled as homogeneous, linear elastic, orthotropic: material properties are given in Tab. 2 as Sitka spruce.
It is worth noting that, in order to correctly represent the physical process of ribs gluing, an accurate modelling of contact conditions is essential: unilateral contact and finite sliding is present at the board/ribs and board/die interface. Moreover, in order to account for the stiffening effect of the ribs gluing induced soundboard "crown" (curvature), a finite displacement formulation has to be adopted. These assumption require the adoption of a non-linear fe procedure, see [37, 40] , (Abaqus keyword *STEP, NLGEOM=YES).
As it is common with fe non-linear analyses, the actual gluing of the ribs involved many different steps. In the first step, condition (a) of Fig. 2 , has been simulated as a frictionless unilateral contact problem, where the ribs are subjected to a pressure load so as to keep the board/ribs system in contact with the die, Fig. 6(a) . Afterwards the board-to-ribs contact condition was transformed into "tie", and the applied pressure removed: the ensuing equilibrium state is possible only with an elastic springback, but the soundboard cannot recover the original stress-free state, due to adhesion, see Fig. 2(b) . During the spring-back analysis, the soundboard is not constrained, and numerical instabilities may arise. In order to achieve convergence of the nonlinear fe procedure, the loading and unloading of the soundboard had to be divided into many small load increments. Pressure was applied and removed on one rib at a time, to avoid to have to solve for too severe nonlinearities in a single attempt/load increment.
The crowning at the end of the gluing process is clearly visible in Fig. 6(b) . The shape obtained by the fe simulation is in remarkable good visual agreement with the shape of the actual soundboard. Also experiments described in [22] show that the predicted deflection is close to the measured one.
An analogous procedure was applied for simulating the gluing of the bridge, which is assumed for simplicity as made of maple (see Tab. 2). The ensuing analysis steps are not detailed here for brevity.
Ribs planing down
The planing down procedure was simulated simply by element removal. This technique is very common in damage evolution modelling: when the material corresponding to a given finite element is "damaged" it does not contribute anymore to the structural behaviour, and it can be simply cancelled form the model. Similarly, when a portion of a rib is taken away by the planing machine, the corresponding elements are removed from the model. This reduces the stiffness of the soundboard, resulting in an increase of the crowning.
Final stages 3 and 4
At stage 3 the gluing of the soundboard to the piano case is simulated. But now a simpler approach can be adopted. In fact the rim is "fitted" to the soundboard edge curved shape, so that no changes in the soundboard configuration and self-stress state are to be expected. For the sake of simplicity the piano case can be assumed to be so stiff that its presence can be simply modelled by built-in (clamped) boundary conditions along the soundboard edge. As already noted, this assumption will introduce some error on the estimate of the soundboard natural frequencies, especially in the low frequency range. Better results could be obtained by coupling the soundboard model to a fe model of the case itself, but this approach will not be pursed in this paper.
Finally for stage 4, the load of the strings can be simulated as a set of concentrated loads on the bridges, one for each note. If stress-stiffening effects are accounted for, this will result in a change of the soundboard eigenfrequencies, as already noted in [16] . 
Natural frequency extraction and material properties updating
For a nonlinear fe method the equilibrium equations are not expressed in terms of a stiffness matrix but directly from the principle of virtual works, as a balance between nodal equivalent external forces and nodal equivalent internal forces. In order to define natural frequencies and modes a linearisation of the equilibrium equations is necessary, in order to define a tangent stiffness matrix, [40, 41] . More precisely, given a sequence of nonlinear steps {S i }, linearisation at the end of each step allows to compute the tangent stiffness matrix K S i T ; when a finite displacement formulation is used, like in the present case, the mass matrix has to be computed with reference to the current reference configuration, giving raise to a M S i that changes with S i . Eigenfrequencies and eigenmodes at step S i are therefore defined from the generalised eigenproblem
From the above equation it is evident that the computed eigenfrequencies and eigenmodes change with S i . Note that no damping is introduced into the fe model, so that real eigenvalues/eigenvectors are computed. However since large displacement formulation is used (*STEP, NLGEOM=YES Abaqus keyword) the computed eigenfrequencies will take into account the actual curved geometry (crown and downbearing) and internal stress state. To summarise, analogously to the experimental modal analysis results, where one has different natural frequencies at different manufacturing stages, the fe computed natural frequencies will change as the analysis history proceeds: by defining the key analysis steps, it is possible to predict the natural frequencies numerically at different manufacturing stages.
The outcome of the eigenfrequency analysis strongly depends on the material properties, the initial estimates of which are given in Tab. 2. Considering all the uncertainties in determining wood properties by means of direct measurement, the material parameters were tuned so as to best fit the computed eigenmodes on the corresponding experimental data at stage 1.
Indeed, starting from a tentative value of the material parameters, a set of natural frequencies and normal modes can be obtained. These numerical values are compared to the experimental ones, and the elastic material properties are updated by applying an error minimisation technique, as outlined in Sect. 5.2.
It should be noted that at stage 1 the soundboard is a composite structure: a Norway spruce slab with Sitka spruce ribs. Therefore the parameters of two coupled materials have to be identified. This could be considered a disadvantage, since usually one tries to identify parameters of a single material at a time, e. g. by analysing stage 0 (i. e. tuning numerical frequencies and modes of the Norway spruce panel with no ribs against experimental modal data) and devising a specific procedure for the ribs alone. However, for the purpose of the present investigation, material parameter identification at stage 1 was preferred for several reasons.
• stage 0 is a completely different structure from the soundboard at stage 1: the unribbed board is strongly anisotropic and the vibrational response is expected to be completely different from the ribbed soundboard. Therefore it would have been of little interest to compare stage 0 with the subsequent ones.
• The identification procedure at stage 1 gives a better insight on how the choice of the soundboard materials affects its vibrational properties (see the design sensitivity analysis described in Sect. 5.2).
• Finally it has to be mentioned that the test plan had to fit in the soundboard and piano production scheduling, which is not a continuous one, but includes prolonged seasoning phases.
Moreover, additional experimental data not used for material parameter identification (static deflections after ribs gluing, see Sect. 4.2.1 and [22] ) were available for validation of the fe model at stage 1, and therefore the experimental characterisation of stage 0 was considered not strictly necessary.
Modal assurance criterion and experimental to numerical mode pairing
The first task to be solved is to pair numerical mode shapes and experimental ones, so as to be able to compare the corresponding natural frequencies. Both the experimental modes and the numerical ones are known at discrete locations: accelerometer positions on the measurement grid and nodes in the fe model. fe nodes are far more numerous than measurement locations: special care was given in order to position a fe node at each position of the measurement grid, in order to allow for direct comparison. Thanks to this, both numerical and experimental modes can be characterised by a vector of displacement components u, where the fe vector is just extracted from the eigenvector pertaining to the whole model.
In order to pair numerical and experimental modes the modal assurance criterion (MAC) was adopted [42] . In general, for complex valued vectors u and v, the MAC value is defined as
where u H is the conjugate transpose of u, |z| 2 =zz is the squared modulus of the complex number z, and u 2 = u H u is the squared 2 -norm of u. It can be shown that 0 ≤ MAC(u, v) ≤ 1, where MAC = 1 is attained when vectors u and v are identical up to a complex modal scaling factor, while MAC = 0 denotes completely uncorrelated modal vectors.
The general MAC criterion can also be used in the present case, where the eigenmodes are real valued: in (5) no damping was introduced, while the identified experimental modes are assumed to be real-valued under the hypothesis of lightly damped system. Denoting by ( f 
can be defined. 
Material parameters updating at stage 1
At stage 1 the soundboard is made of Norway spruce (board) and Sitka spruce (ribs), the elastic properties of which are described by 10 parameters each, see Tab. 2. First of all a Design Sensitivity Analysis (dsa) was performed on the first 40 modes of the soundboard, calculating the change in natural frequency caused by small changes in each elastic constant. This procedure showed that only a limited number of elastic properties needed to be taken into account for model updating. The most important were found to be E 1 of both Norway and Sitka spruce. 5 A colour scale representation of these MAC-matrices is given in fig. 7 . dsa demonstrated also that E 2 of Norway spruce has an effect on the natural frequency smaller than E 1 of Sitka spruce as the ribs tend to dominate the stiffness in this direction. Changes in G 13 of Sitka spruce affect natural frequencies only below the tenth mode. The other moduli and Poisson ratios have negligible impact and were not included in the updating procedure.
As a consequence of dsa and considering uncertainties in the density and overall stiffness of the wood, the following six parameters were selected for independent updating:
• a common scaling factor for all the elastic moduli of both woods;
• a scaling factor for all the elastic moduli of Sitka Spruce alone;
• E 1 of Sitka spruce;
• E 1 of Norway spruce;
• ratio E 1 /G 13 for Sitka spruce;
• density of Sitka spruce (density of Norway spruce is consequently updated to match the soundboard mass measured at stage 1 during modal testing).
The purpose of the material parameters updating is to obtain a better match between the numerical simulation and the experimental data. If one has N pair paired modes (r i , s i ), i = 1 . . . N pair , the objective is to minimise (8) i. e. to have better natural frequency and mode shape matching. The evaluation of g requires the solution of a multi-step nonlinear fe analysis, and obviously has a highly nonlinear dependence on the material parameters under investigation.
A solution to the above defined minimisation problem was pursued by coupling the MATLAB non linear least square solver lsqnonlin and Abaqus itself. No claim is made about having computed a true optimal solution in this way. In fact special care was dedicated in finding physically admissible values for the material parameters: therefore somewhat arbitrary but realistic bounds were imposed on the material parameters in the least squares solving process.
After numerous experiments, the updated parameters presented in Tab. 2 were considered acceptable for the purpose of the present investigation. One can note that the changes in the material parameters recorded in Tab. 2 are well below the typical coefficient of variation of measured wood mechanical properties (see e. g. Tab. 4-6 in [39] ).
As it is detailed in the next section, the agreement between numerical and experimental modes is still very good at stage 2, after bridge gluing: therefore a more detailed analysis of the bridge material parameters was considered purposeless. 
Numerical-experimental comparison
The comparison between numerical and experimental modes is presented in terms of the MAC matrix in Fig. 7 , while Figs. 8 to 11 show the comparison between the paired numerical and experimental modes, in terms of natural frequency, MAC value, and visual representation of the mode shapes. The comparison is repeated for the first 6 modes of stages 1 and 2 (Figs. 8-9 ) and the first 12 experimental modes for stage 3 (Figs. 10-11) . In Tab. 3 the comparison is extended to the first 20 experimental modes. All the numerical results correspond to the updated material parameters, obtained from the procedure described in the previous section.
Given that in the experiments of stages 1 and 2 the soundboard was suspended on a steel cable, the tested condition is assumed to correspond to the free-edge boundary condition applied in the fe simulations. In fact a one-to-one correspondence between numerical and experimental modes is found, with the only exception of a limited number of experimental modes that do not have a fe counterpart.
In the case of stage 3 the situation is different. While the tested structure is the soundboard assembled in the piano case (resting on three supports located under the rim), the fe one is the soundboard alone, clamped all along its edge. The latter modelling choice corresponds to assuming the rim to be infinitely rigid. On the contrary, experimental modal analysis at stage 3 revealed that the soundboard-rim structural coupling results in vibration mode duplications (twin or family modes), i. e. the same mode computed through the clamped-edge fe model may correspond to more than one experimental mode with very similar shape but different natural frequency (see also [6, 7, 21] ). This circumstance is evidenced through the way numerical and experimental modes of stage 3 are associated in Tab. 3. Note that the clamped-edge assumption of the fe model leads to a systematic overestimation of the natural frequencies.
The results reported in Tab. 3 refer to the low frequency range, i. e. the range where experimental modal analysis can be successfully performed and single vibration modes identified. Actually, it is well known that the frf of a plate-like structure is dominated by individual resonances in the low-frequency range, while at higher frequency the increasing modal density makes it impossible to separate the different modes. In the specific case analysed in this paper, the transition frequency between these two kind of response varies with the manufacturing stage, as evidenced in Sect. 3. For each stage, the validation of the fe model in terms of single vibration modes can be carried out up to this transition frequency at most. Although experimental modal analysis allowed identifying modes up to 400 Hz-450 Hz, for the sake of brevity the numerical-experimental comparison reported in Tab. 3 is limited to the first 20 experimental modes of each manufacturing stage.
However, together with mode pairing it is interesting to verify if the model is capable of reproducing the soundboard dynamic response over a wider frequency range. To this end the fe model was used for calculating the frf up to 4 kHz. Fig. 12 shows the comparison between calculated and experimental point mobility: the soundboard is excited in the same position considered in Fig. 5 (i.e. on to the bridge, in correspondence with note G3). The numerical calculation is performed by modal superposition and the damping ratios ξ n are those obtained from modal testing, where available (see Tab. 1), and set to 1 % for all modes at higher frequency. This corresponds to a loss factor η n = 2ξ n of 2 % and is aligned with the values found in [19] where the average loss factor, up to 3 kHz, was 2 %, with a range 1 % to 3 %.
The agreement between modelling and measurement is generally good. Below 200 Hz the model is stiffer and overestimates the natural frequencies. In this range there are three predominant modes in the fe calculation while there are about ten which can be distinguished in the measured mobility curve. This is due to the fact that the fe model does not include the rim and that the soundboard support is assumed to be infinitely rigid. The modes resulting from the coupling with the supporting structure cannot be reproduced by the numerical simulation and the clamped boundary condition makes the model stiffer than the real soundboard. The model predicts correctly the antiresonance at 200 Hz. At higher frequency the effect of the boundary conditions becomes less and less important and the agreement between calculated and measured mobility is very good. The increase in point mobility found in measurements at about 2.5 kHz is also predicted by the fe model but seems to take place at higher frequencies.
Conclusions
The results obtained from a comprehensive modal analysis campaign were used to validate and update the finite element model of a grand piano soundboard. Considering the characteristics of the soundboard structure and of its manufacturing process, it was decided to develop the finite element model of a structure with increasing complexity, by following the same progressive stages adopted in the instrument construction. Therefore, testing and simulation proceeded in parallel, so as to improve the model capability of capturing the dynamic behaviour of the real structure, which depends on the combination of many parameters, ranging from material properties to geometric configuration, from process-induced stresses to boundary conditions. Bearing in mind the unavoidable uncertainties which are typical of a complex natural material like wood, at stage 1 the soundboard material properties were updated so as to minimise the difference between calculated and experimental vibration modes, in terms of both natural frequencies and mode shapes. Any other model feature was left unvaried. Then the fe simulation of the manufacturing process proceeded in stage 2 and 3, without any further tuning of the material properties and, at each stage, the agreement between numerical results and experimental data was verified.
Experimental modal analysis allowed identifying the vibration modes in the low-frequency range only, where the soundboard dynamic response is dominated by individual modal resonances. In the specific case of the tested piano soundboard, this corresponds to approximately 400 to 450 Hz maximum. Accordingly, model validation in terms of numerical-experimental comparison of single natural frequencies and corresponding mode shapes could be performed only in this frequency range. The number of experimental modes which are involved in this validation process ranges from 34 to 52, depending on the manufacturing stage. Once that the fe model was properly tuned in terms of individual vibration modes, numerical and experimental frf's were compared, to verify the model capability of reproducing the structure's dynamic behaviour also in the mid/high-frequency range, which is characterised by increasing modal density and coupled multi-mode response. The point mobility measured on the bridge at stage 3 was compared with the corresponding numerical result; the two are good agreement in the range 200 Hz to 4000 Hz. Below 200 Hz the main differences are due to the flexibility of the rim, this was not included in the model but only represented by clamped boundary conditions. This effect becomes negligible above 200 Hz. The results obtained are encouraging and the fe model that has been set up can be considered the first fundamental step towards the development of a vibroacoustic model of the piano soundboard. The main advantage of the modelling approach proposed in this paper is that it can provide a better understanding of the effect of the manufacturing process and of specific design solutions on the soundboard vibration properties and on its consequent acoustic performance.
A. Naming convention for orthotropic elastic constants
The engineering constants E i , ν i j , G i j reported in Tab. 2 are defined in terms of elastic compliance as follows:
for a total of 9 independent elastic constants. The elasticity axes (1, 2, 3) are aligned to the anatomical directions (L, R, T), i. e. longitudinal, radial, and tangential to the annual rings. 
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